We compute the general form of the six-loop anomalous dimension of twist-two operators with arbitrary spin in planar N = 4 SYM theory. First we find the contribution from the asymptotic Bethe ansatz. Then we reconstruct the wrapping terms from the first 35 even spin values of the full six-loop anomalous dimension computed using the quantum spectral curve approach. The obtained anomalous dimension satisfies all known constraints coming from the BFKL equation, the generalised double-logarithmic equation, and the small spin expansion.
Introduction
The anomalous dimension of composite gauge-invariant operators in N = 4 SYM theory can be calculated with the help of integrability. Integrability in the context of AdS/CFTcorrespondence [1] [2] [3] was found from the study of the single-trace operators [4] in the leading order of perturbative theory in ref. [5] * . Generalisation to higher orders together with the studies of integrable structures from the superstring theory side, started in ref. [10] , allowed formulating all-loop asymptotic Bethe equations [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [25] [26] [27] [28] [29] [30] . For the operators of finite length the asymptotic Bethe equations give a non-complete result due to the appearance of wrapping effects [31, 32] . Again, the computations of wrapping corrections can be performed using integrability [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . Independent tests of the obtained results were performed with the perturbative field theory computations in refs. [47] [48] [49] [50] . Moreover, the results for twist-two and spin M operators passed very non-trivial tests coming from the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [51] [52] [53] and generalised double-logarithmic [54] [55] [56] [57] [58] [59] [60] equations which impose all-loop constrains on the structure of the result analytically continued to negative values of M .
In principle, we can do the inverse: we can use constraints from the BFKL and the generalised double-logarithmic equations to reconstruct the wrapping corrections if the part of the full anomalous dimension related to the asymptotic Bethe equations is already known. This was done at five loops by one of the authors in ref. [61] . However, one could not obtain any reasonable results at six loops in this way.
Recently, an advanced method for computing the anomalous dimension of operators with arbitrary but fixed twist and spin was developed by two of the authors [62] . This approach is based on a perturbative solution of the quantum spectral curve (QSC) equations [63, 64] and can in principle produce results to any loop order. In this paper we reconstruct a general form of the six-loop anomalous dimension for twist-two operators and use all available constraints to check its correctness.
In section 2 we compute the part of the six-loop anomalous dimension for twist-two operators coming from the ABA. In section 3 we briefly describe the method of computation of the six-loop anomalous dimension for twist-two operators with fixed spin. In section 4 we reconstruct the general form of the six-loop anomalous dimension from the first 35 even values, obtained with the method described in section 3. In section 5 we provide the constraints which will be used to verify the obtained result, together with the description of their origin. In appendices we give the results for the most complicated parts of the six-loop anomalous dimension and its analytic continuation at M = −2 + ω.
The six-loop anomalous dimension from Bethe ansatz
Twist-two operators belong to the sl(2) sub-sector of the theory. In this sector, the highestweight states consist of two scalar fields Z and M † covariant derivatives D
where M should be even. In the spin chain picture which is valid at one loop at weak coupling, such single-trace operators are identified with the states of the non-compact sl(2) spin = − 1 2 length-two Heisenberg magnet with M excitations. We denote the total scaling dimension of these states as
Here, γ(g) is the anomalous part of the dimension depending on the coupling constant
and λ = N g 2 YM is the 't Hooft coupling constant. The anomalous dimension γ(g) may be determined up to the three-loop order O(g 6 ) with help of the asymptotic Bethe ansatz [19] . † M is the value of the Lorentz spin. Hence the notation S is often used instead of M . We choose to use M to not interfere with the notation for harmonic sums.
The asymptotic Bethe equations for the sl(2) operators can be found in [20, 30] 
where the variables x ± k are related to u k through
The dressing phase θ(u, v) has been conjectured in [30] and shown to be solution of the crossing equation [22] in [23, 24] . To the sixth order in perturbation theory it has the following form
where q r (u) are the eigenvalues of the conserved magnon charges, see [20] . The anomalous dimension is given by
and we will decompose it at six loops as 
In order to obtain a general expression for the anomalous dimension of twist-two operators for arbitrary M we solve eq. (2.4) perturbatively for fixed values of the spin M and match the coefficients in an appropriate ansatz which assumes the maximal transcendentality principle [67] ‡ . The basis for the ansatz is formed from the harmonic sums defined by the following recurrent procedure (see [72] )
10)
(2.11) ‡ The hypothesis about the maximal transcendentality principle [67] was confirmed by direct perturbative calculations at the two-loop order [68] and then successfully applied at the three-loop order [69] , when corresponding results were obtained in QCD [70, 71] .
Contribution
Rational The transcendentality k of each sum S a 1 ,...,an is given by the sum of the absolute values of its indices 12) and the transcendentality of a product of harmonic sums is equal to the sum of the transcendentalities of its constituents. According to the maximal transcendentality principle [32, [67] [68] [69] the anomalous dimension of twist-two operators can contain only harmonic sums with maximal transcendentality at a given order of perturbative theory. The number of harmonic sums entering into this basis at the ℓ-loop order for the transcendentality
, and at six loops we will need more than 8800 sums, see Table 1 .
Fortunately, the generalised Gribov-Lipatov reciprocity [73, 74] enters the game and allows us to significantly reduce the dimension of the basis. Define the reciprocity-respecting function P ABA (M ) [73] [74] [75] by the relation
The reciprocity-respecting splitting function P(x) [73, 74] , related to P(M ) through a Mellin transformation, should satisfy the Gribov-Lipatov relation [76] P(x) = − x P 1 x (2.14)
at all orders of perturbation theory.
The practical output which we will use is that the reciprocity function P ABA (M ) should be expressed only in terms of the binomial sums (see [72] ) 15) which is the necessary and sufficient condition to satisfy (2.14) [36] § . § Historically, this statement was understood using a basis different from, but equivalent to, the basis of binomial sums [74, [77] [78] [79] . Relations between the binomial and the nested harmonic sums can be found in the ancillary files of the arXiv version this paper or on the web-page http://thd.pnpi.spb.ru/~velizh/6loop/.
The binomial sums come both from the perturbative field theory calculations of the anomalous dimensions of twist-two operators [70, 71] and from the solution of the Baxter equation for the corresponding spin chain [65, 66] . One of the interesting features of these sums is that they are defined only for positive values of the indices i 1 , . . . , i k . The number of such sums, which will form the basis, for transcendentality k is equal to 2 k−1 and at six loops we will have about 1000 binomial harmonic sums (see Table 1 ). Thus, the basis is significantly reduced and, though still huge, can be managed.
In this paper, we first find the result in terms of P(M ) and then reconstruct the anomalous dimension from (2.13): upon substituting the perturbative expansion (2.2), one finds where each prime marks a derivative with respect to M . The rational and ζ i parts of P ABA 12 (M ) are computed separately. To compute the rational part one should fix 2 11−1 = 1024 coefficients in front of the binomial harmonic sums of transcendentality 11. Hence the same number of solutions of the Bethe equations at fixed M is required. Although we can "switch off" the dressing phase (because we are looking for the rational part of the answer), analytic solution of the Bethe equations for the first 1024 values of M is beyond computer ability. It was possible to solve these equations up to six loops numerically with accuracy of about 10 −1000 . This accuracy is not enough to reconstruct the rational numbers for the anomalous dimension at given M , however this is not what we need. One needs to solve equations for the coefficients in front of the harmonic sums. This was done numerically with the help of the MATHEMATICA function LinearSolve. It turned out that the obtained numbers are very close to integers, so their rounding gives the desired result for P 12 (M ), which is listed in Appendix A.
When Bethe equations include the dressing phase (2.6), the first 40 solutions were computed. According to 12 we used the LLL-algorithm [80] , similar to what was done in the previous works [81, 82] by one of the authors (see also ref. [61] for detailed explanations). Its usage is based on the fact that the coefficients in any anomalous dimension of twist-two operators are usually rather simple integers, that is the equation for the coefficients is a linear Diophantine equation. Moreover, a lot of binomial harmonic sums which belong to the basis of possible terms are absent in the final expression, i.e. their coefficients are zeros. The LLL-algorithm is realized in many computer algebra systems and for our purposes the MATHEMATICA function LatticeReduce has been used to realize the algorithm. Firstly, we calculate the values of all 128 terms in the basis with transcendentality 8 up to M = 40. We hence can write a system of 39 linear equations for 128 coefficients which are assumed to be integers. According to the realization of the LLL-algorithm ¶ we add to the 129×129 unit matrix the transpose matrix, obtained from our system of Diophantine equations (coefficients of 128 variables plus one free term), and applying the LatticeReduce function of MATHEMATICA to the obtained (129 + 39) × 129 matrix we get the LLL-reduced matrix, in which we can easily find the result that we are looking for:
We check with M = 40 that the obtained expression is indeed correct. The final expression for the six-loop anomalous dimension of twist-two operators from ABA in the canonical basis of the usual harmonic sums (2.11) can be found as the ancillary files of the arXiv version this paper or on the web-page http://thd.pnpi.spb.ru/~velizh/6loop/.
3 Calculations of the six-loop anomalous dimension for finite M
The quantum spectral curve [63, 64] formulates the spectral problem of planar N = 4 SYM in terms of a finite set of Riemann-Hilbert equations. It was derived based on several assumptions, in particular that the theory is integrable. This approach automatically captures all the features of the spectral problem, i.e. no notion of ABA and wrapping contributions is needed. Recently, QSC was solved perturbatively for any operator in the sl(2) sector by two of the authors [62] , and an efficient MATHEMATICA-implementation of this iterative algorithm was provided, allowing up to 10-loop calculations of the simplest operators on a standard laptop. In our work, this procedure has been used to produce the six-loop anomalous dimensions of twist-two operators for finite M . Naturally, the computation time increases significantly with the value of M (15 seconds for M = 2 compared to five hours for M = 80), since the algorithm is systematically operating with the Baxter polynomial which is a degree-M polynomial. We refer to [62] for a detailed description of the procedure as well as access to the MATHEMATICA-implementation.
To have a sufficient amount of finite M results, we determined γ 12 (M ) for the 40 lowest even integer spins, i.e. for M = 2, 4, . . . , 80. We here provide the first five results obtained by the method. The remaining results can be reproduced from the general result below. 
Reconstruction of the general form of six-loop anomalous dimension
In this section we describe in detail the method of the reconstruction of the anomalous dimension of twist-two operators from the above results and special numerical algorithms. It appears to be suitable to compute the wrapping correction part separately, without the ABA part, and then add it to the ABA part found in section 2. Similarly to the ABA case, we will look for the reciprocity function P wrap which is represented in a smaller basis of binomial harmonic sums (2.15) and then reconstruct the conformal dimension using (2.17). Let us start by recalling how a simpler five-loop computation is done. At five loops, γ are given by [34] γ wrap 8
2)
3)
To find P wrap 10 one could naively attempt to consider the full basis of binomial harmonic sums of given transcendentality. However, it is known, from a structure analysis of the Lüscher formulae, that a simpler ansatz should work [36] :
5)
During the computations of the wrapping corrections at five loops this ansatz was assumed in advance and this allowed finding the final result much faster. Indeed, one found in ref. [36] P wrap 10
The advantage of the reconstruction of the wrapping correction part instead of the full anomalous dimension is clear from eq. (4.5): T 10 multiplied by S 2 1 has the transcendentality 7 with 2 9−1−2 = 64 binomial harmonic sums in the basis instead of the transcendentality 9 with 2 9−1 = 256 binomial harmonic sums in the basis for P wrap 10 , so we will have considerably less binomial harmonic sums in the ansatz.
At five loops, one could imagine to not rely on (4.5) and do a brute-force approach for fixing about 300 coefficients in the most general ansatz respecting transcendentality. However, brute-forcing is likely to be impossible at six loops. Indeed, one has to fix more than 1000 coefficients if no further restrictions apply which is currently beyond the practical computational ability of the QSC approach. Hence one should attempt to generalise (4.5) to the six-loop case.
At six loops γ with T 12 and P 6 given by
12)
The idea is that the genuine 6-loop wrapping term P 2 2 T 12 should be a multiple of P 2 2 , as follows from a basic analysis of Lüscher formulae, whereas all other terms in P wrap 12 are constructed from the lower-loop expressions. Keeping in mind that T 2n = 0 for n < 4, we wrote down the most general possible combinations assuming that the expressions in brackets are expressible in terms of P n , similarly to what happened at five loops.
Applying the principle of maximal transcendentality we conclude that the transcendentality of the components T ζ 9 , T ζ 3
, T ζ 5 , T ζ 3 , T rational should be equal to 0, 0, 1, 2, 3, 4, 6 and 9 respectively (see Table 1 for the numbers of the binomial harmonic sums in the corresponding ansatz). The lowest-transcendentality functions,
, T ζ 5 may be obtained exactly by solving the equations for the corresponding contribution as we know the full result for even values of M up to M = 70 (but we should take into account that the ζ 7 contribution is contained in T 10 , while ζ 5 and ζ 3 contributions are contained in both T 8 and T 10 ). Indeed, from the knowledge of just the Konishi operator (M = 2) one can find
14) 16) and using the first few values one can easily obtain
However, already for T ζ 7 we cannot find any solution, despite that the possible ansatz contains only two binomial harmonic sums: S 2 and S 2 1 . To find a correct expression for ζ 7 -term, we remove the restriction of eq. (4.10), that is we take the ansatz with all possible binomial harmonic sums with transcendentality 4: Comparing this result to P 4 from eq. (4.6) one can see that the coefficients of S 1 S 3 and S 1 S 2,1 are different, so our simple assumption about a general form of P wrap 12
is not correct and we should extend all bases for ζ 5 , ζ 3 and rational contributions to P wrap 12 . We have found that a minimal extension can be performed by expanding all terms with the brackets in eq. (4.10), that is we should expand P 2 P 6 T 8 , P 3 2 P 4 T 8 , P 6 2 T 8 , P 2 4 T 8 , P 2 P 4 T 10 , P 4 2 T 10 and add all possible terms from these expansions to the corresponding ansatz for P will contain the following binomial harmonic sums:
where the first line corresponds to the basis for T ζ 5 while the second line comes from the expansion of eq. (4.10). Note that for the ζ 5 contribution we have found that the last term in eq. (4.20), which corresponds to P 2 4 , does not need to be expanded and this property is also correct for the other contributions. So we have 16 binomial harmonic sums in the ansatz for the ζ 5 contribution and the coefficients of these sums can be found from the known values of the anomalous dimension at fixed M . The final result for the ζ 5 contribution is given by: 
The last part is the rational contribution. In this case our minimal ansatz consists of 2 11−1−2 + 67 = 323 binomial harmonic sums. Nevertheless the available 35 values are enough to find all coefficients in this ansatz with the help of the LLL-algorithm, but for this purpose we used a C++ implementation of the LLL-algorithm in the form of the fplllprogram [84] . After about one hour of computations we obtained the following general expression for the rational contribution to P 
So, collecting all terms we can obtain the general expression for P wrap 12 . The general result for the full anomalous dimension can be found in the ancillary files of the arXiv version of the paper and on the web-page: http://thd.pnpi.spb.ru/~velizh/6loop/.
Weak-coupling constraints
In this section we discuss the known weak-coupling constraints on the six-loop anomalous dimension of twist-two operators in N = 4 SYM theory and verify that our result is consistent with them. We will use three classes of constraints, which are provided by the BFKL equation and by the generalised double-logarithmic equation at M = −2 + ω and at M = −r + ω, where r = 4, 6, 8, ....
A splitting function P (x), which is related to the anomalous dimension through a Mellin transformation
contains some powers of ln x in each order of perturbative theory when x tends to zero. This region of small x is very interesting from the experimental point of view as there are some theoretical methods which allow one to sum all such large logarithms in all orders of perturbative theory. Mostly small-x physics is related to the Balitsky-Fadin-KuraevLipatov (BFKL) equation [51] [52] [53] and double-logarithmic equations [57] [58] [59] .
Since the splitting function is related to the anomalous dimension through a Mellin transformation, an expansion near x = 0 corresponds to providing certain information about poles in the anomalous dimension analytically continued to negative values of M . A non-trivial pole structure should indeed be present in the anomalous dimension since the harmonic sums (2.11), being a generalization of the Ψ-function, have poles at negative values of their argument. Hence the small-x physics put a significant amount of constraints on the possible values of the conformal dimensions.
BFKL equation
The relation between the anomalous dimension of twist-two operators and the BalitskyFadin-Kuraev-Lipatov (BFKL) equation [51] [52] [53] and its next-to-leading logarithm approximation (NLLA) generalisation [85, 86] emerges upon analytic continuation of the function γ(g, M ) to complex values of M . This is straightforward in the one-loop case since
where Ψ(x) = d dx log Γ(x) is the digamma function. At any loop order one expects singularities at all negative integer values of M . The first in this series of singular points,
corresponds to the so-called BFKL pomeron. In the above formula ω should be considered infinitesimally small. The BFKL equation relates γ(g) and ω in the vicinity of the point M = −1 + ω. It predicts that, if expanded in g, the ℓ-loop anomalous dimension γ 2ℓ (ω) exhibits poles in ω. Moreover, the residues and the order of the poles can be derived directly from the BFKL equation. The BFKL equation has been formulated up to the next-to-leading logarithm approximation (NLLA) and determines the leading and next-toleading poles of γ 2ℓ (ω). The NLLA BFKL equation for twist-two operators in N = 4 SYM theory in the dimensional reduction scheme can be written as follows [85, 86] 
where
The function Φ(γ) is given by
Upon using the expansion (2.2), one easily determines the leading singularity structure. Perturbatively expanding the anomalous dimension in the argument of the right-hand sided functions χ(γ) and δ(γ) in eq. (5.4) one can find a relation between the anomalous dimension at M = −1 + ω and highest poles order by order, which can be written as:
The last line of the above equation gives the prediction for the analytic continuation of the six-loop anomalous dimension at M = −1 + ω and our full result satisfies these constraints.
Generalised double-logarithmic equation at
Another class of constraints on the anomalous dimension of twist-two operators follows from the double-logarithmic asymptotics of the scattering amplitudes. The double-logarithmic asymptotics of the scattering amplitudes were studied in QED and QCD in the papers [54] [55] [56] and [57] [58] [59] (see also arXiv version of ref. [67] ). It corresponds to summing the leading terms (α ln 2 x) k in all orders of perturbation theory. In combination with a Mellin transformation, the double-logarithmic asymptotics allow one to predict the singular part of the anomalous dimension near the point M = −2. For our purpose and in our notation the double-logarithmic equation has the following form:
The solution of this equation gives a prediction for the highest pole (g 2k /ω 2k−1 ) in all orders of perturbative theory:
The study of the analytic properties of the anomalous dimension of twist-two operators in N = 4 SYM theory led to the suggestion about a simple generalisation of the doublelogarithmic equation [60] . The main idea was that in eq. (5.9) the corrections to the leading order equation will modify only the right-hand side and that such modification admits, besides an expansion in the coupling constant g 2 , only the appearance of regular terms depending on ω (and, possibly, γ). Substituting the results for the analytic continuation of the anomalous dimension of twist-two operators near M = −2 + ω into eq. (5.9) we indeed find the following form of the generalised double-logarithmic equation [60] 
The coefficients C k m can be found in the appendix of ref. [61] , but for the test of the sixloop anomalous dimension we need only the fact that the perturbative expansion of the left hand side of the above equation (5.11) does not contain any poles near M = −2, which is indeed correct for the result obtained in this paper. We present the result for the analytic continuation of the six-loop anomalous dimension at M = −2 + ω in Appendix B, and one can see that there are about one hundred terms up to g 12 /w 2 , which can be checked by the generalised double-logarithmic equation (5.11), so we have a very strong test for the correctness of our general result for the six-loop anomalous dimension. Note also that with the generalised double-logarithmic equation (5.11) we can control even the ζ 9 term in the six-loop anomalous dimension coming from eq. (4.14) as its analytic continuation is proportional to ζ 9 /ω 2 , what is impossible with the BFKL equation (5.5). In ref. [60] another generalisation of the double-logarithmic equation was found which holds true not only for M = −2 + ω, but for all other negative even values M = −r + ω , r = 2, 4, 6, . . . . This generalisation is related to the analytic properties of the reciprocityrespecting anomalous dimension P(M ), which near M = −r + ω , r = 2, 4, 6, . . . can be written as
where some coefficients D k m (r) can be found in ref. [60] . For the test of the six-loop anomalous dimension we need only the fact that according to eq. (5.12) the six-loop reciprocityrespecting anomalous dimension P 12 (M ) does not contain any poles higher than 1/ω 6 , which is indeed correct for the obtained result. 
Small M expansion
The anomalous dimension for M = 0 is equal to zero while the expansion near M = 0 + ω can be written as
In ref. [90] the expression for the first term in this expansion at arbitrary coupling was conjectured, and later it was confirmed in [91, 92] . The next term was obtained in ref. [93] . The expansion near M = 0 + ω can easily be obtained with the Mellin transformation of the six-loop splitting function P (x) using
We have found the six-loop splitting function P (x) with the help of the HARMPOL package [87] for FORM [88] , by expanding P (x) in x up to the order x 200 and then numerically integrating the obtained expressions with the help of MATHEMATICA, we computed the small spin expansion of the anomalous dimension. For the expansion up to ω 5 the numerical results are The coefficients of ω and ω 2 coincide numerically correspondingly with [90] and [93] . The coefficients for ω 3 up to three loops are written in [93] and our results coincide numerically. Higher orders in ω is our prediction for the small-M expansion. In principle, it would be also possible to derive these coefficients analytically if needed.
Conclusion
In this paper we have computed the full planar six-loop anomalous dimension of twist-two operators in N = 4 SYM theory with arbitrary Lorentz spin M . The result is the sum of two parts, coming from ABA and from wrapping corrections, which were computed separately. To find the most lengthy part, the rational contribution coming from ABA presented in Appendix A, we computed its first 1024 values at fixed M which allowed us to fix the coefficients in the corresponding ansatz -the linear combination of 1024 binomial harmonic sums that satisfy the maximal transcendentality principle. the wrapping correction terms we used a MATHEMATICA implementation of the QSC approach [62] and computed the six-loop anomalous dimension for 40 different fixed values of M . The corresponding ansatz for the rational part contains more than 300 binomial harmonic sums (2.15). As the rank of the system of linear equations is significantly smaller than its size we used a special method from number theory to find all coefficients in the ansatz. With the help of the floating point realization [84] of the LLL-algorithm [80] we obtained an LLL-reduced matrix which was formed from our linear system of Diophantine equations * * . The first row in the obtained matrix was the desired result, which is presented in eq. (4.23). The parts which contain ζ i are much simpler and can be reconstructed either from the direct solution of the system of linear equations or with the help of the LLL-algorithm. See Table 2 for an overview of where these terms are listed in this paper.
All of the above concerns the computation of the reciprocity-respecting function P(M ). The anomalous dimension is generated from P(M ) and the lower-loop results with the help of eq. (2.13). The expressions for the anomalous dimension are very lengthy, so we did not write them explicitly in the paper but they are available in the ancillary files of the arXiv version of the paper and on the web-page: http://thd.pnpi.spb.ru/~velizh/6loop/.
The obtained result was thoroughly tested against the constraints coming from the BFKL equation (5.8) and the generalised double-logarithmic equations (5.11), (5.12). These equations provide more than one hundred constraints. We found a complete agreement with these constraints, which confirms the correctness of the result.
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A Rational part of the six-loop reciprocity-respecting function P ABA 12 We have found the following result forP 12 and H i 1 ,...,i k (x) are the harmonic polylogarithms [87] .
